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a  b  s  t  r  a  c  t

In  this  paper,  we  present  an  experimental  set-up  and procedure  to  accurately  measure  the bearing  charac-
teristics  of  any  single  Degree  of  Freedom  (DoF)  straight-line  flexure  mechanism.  Bearing  characteristics
include  stiffness  in  the  bearing  and  motion  directions,  and  error  motions  in  the  bearing  directions.  In
particular,  we  present  this  characterization  for the  traditional  paired  double  parallelogram  (DP-DP)  flex-
ure and its  recently-reported  improved  variation,  the  clamped  paired  double  parallelogram  (C-DP-DP)
flexure.  Of  particular  interest  is  the  bearing  direction  stiffness  and  its  variation  with  motion  direction
displacement.  While  the  bearing  stiffness  for  both  mechanisms  has  been  extensively  predicted  via  anal-
ysis  and  its  consequences  have  been  observed  in  experiments,  its direct  measurement  poses  several
challenges  and  is  not  found  in  the  literature.  This  paper  presents  an  experimental  set-up  that  is  recon-
tiffness measurement
recision metrology

figurable  to  accommodate  both  the  above  two  flexures,  comprises  a novel  virtual  pulley  concept,  and
employs  carefully  selected  ground  mounting  and  sensor  locations,  among  other  features  that  enable
the  desired  measurements.  The  experimental  results  agree  well  with  analytical  predictions  and  gener-
ate insight  into  the  importance  of  ground  mounting,  finite  compliance  of  mechanism  features  that  are

rigid,  
generally  assumed  to  be 

. Introduction and background

Flexures are machine elements that provide motion via elastic
eformation. Multiple flexure elements such as the beam flexure
re combined to form a flexure mechanism that provides motion
uidance and load bearing [1–4]. Owing to their joint-less con-
truction, flexure mechanisms operate without friction, backlash,
nd wear, resulting in high motion precision (or repeatability)
nd zero maintenance. They also offer design simplicity due to
inimal or no assembly, and therefore are highly suitable for
onolithic micro-fabricated devices. Because of these various

ttributes, flexure mechanisms are used in high precision motion
tages, MEMS  devices, and harsh environments in wide range of
pplications [1–4].

Similar to a rigid-link mechanism, a flexure mechanism has cer-
ain motion directions (also known as degrees of freedom or DoF)
nd complementary bearing directions (also known as degrees
f constraint or DoC). In this paper, we consider flexure mecha-

isms that provide a single translational DoF, with approximately
traight-line motion. A classic example of a planar single trans-
ational DoF design is the double parallelogram (DP) flexure and

∗ Corresponding author.
E-mail address: awtar@umich.edu (S. Awtar).
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141-6359/© 2017 Elsevier Inc. All rights reserved.
and  manufacturing  tolerances.
©  2017 Elsevier  Inc.  All  rights  reserved.

its symmetric paired version DP-DP flexure (shown in Fig. 1a). A
planar design is one that is based on a two-dimensional geometry
implemented on a flat plate material. Common examples include
MEMS  devices that are fabricated on silicon wafers via photolithog-
raphy, and macro scale devices fabricated on metal plates using
wire electric discharge machining (EDM) or water-jet cutting. Typ-
ically, the thickness of the flat plate is chosen to be large to provide
high stiffness in the three out-of-plane directions, which can there-
fore be treated as DoC. While the stiffness characteristics in these
out-of-plane directions are important and warrant analytical and
experimental investigation [5,6], this paper focusses on the charac-
terization of the in-plane DoF and DoC directions shown in Fig. 1a.

The symmetrically paired DP-DP flexure offers good overall
bearing characteristics in terms of large range and low stiffness
in the DoF direction, and theoretically zero error motions in DoC
direction [1–4]. However, the main limitation of this design is that
even though it provides a high bearing stiffness Kx when Y displace-
ment is zero, this bearing stiffness drops precipitously at increasing
values of Y displacement. This is due to the fact that the secondary
stage in the DP flexure module is kinematically under-constrained,
a phenomenon that has been extensively reported qualitatively and

analytically in the past [1,2,7,8]. This bearing stiffness drop in the
DP and DP-DP flexures with increasing Y displacement results in
compromised performance in various applications. For example, it

dx.doi.org/10.1016/j.precisioneng.2016.12.014
http://www.sciencedirect.com/science/journal/01416359
http://www.elsevier.com/locate/precision
http://crossmark.crossref.org/dialog/?doi=10.1016/j.precisioneng.2016.12.014&domain=pdf
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Fig. 1. (a) DP-DP Fle

eads to limited stroke in electrostatic comb-drive actuators [9,10]
nd moving magnet actuators [11] due to sideways snap-in.

In the past, the problem of under-constraint in the DP flexure
eometry has been overcome via the use of a lever arrangement to
nforce a 1:2 displacement ratio between the secondary stage and
otion stage [7]. A monolithic flexure-based version of this lever

olution has also been successfully implemented [12,13]. More
ecently, this 1:2 lever solution has been implemented via a sub-
echanism cleverly nestled within the DP flexure [14], leading to

 compact foot-print. An alternate approach to constrain the sec-
ndary stages in the DP-DP flexure has been to couple the two
econdary stages via an external clamp that forces the two  sec-
ndary stages to move together in the Y direction but still allows
ny relative X displacement [10]. This design, referred to as the
lamped Paired Double Parallelogram (C-DP-DP) flexure, is shown

n Fig. 1b. In yet another configuration, an asymmetric combination
f the DP flexure and the tilted-beam DP flexure has been used to
inematically constrain the Secondary Stage of the latter [15]. These
esigns indeed produce the desired improvement in the bearing
irection stiffness, making the drop in bearing stiffness more grad-
al, as shown via analytical modeling or finite element analysis
FEA). However, to the best of our knowledge, explicit experimental

easurements of the bearing stiffness (Kx and K�) and their varia-
ion over motion direction displacement, for any of these designs,
as not been reported in the prior literature and is the primary
bjective of this paper. Additional objectives include measurement
f the X and � direction error motions (Ex and E� , respectively) as
ell as the motion direction stiffness Ky. Here � direction refers to

n-plane rotation about the Z axis. Specifically, we  have conducted
hese measurements on the DP-DP and C-DP-DP flexures, to show
he improved bearing stiffness characteristics of the latter.

Measurement of the bearing stiffness is challenging because it
equires accurate and precise measurements of very small deflec-
ions in the bearing direction for different values of bearing force
nd motion direction displacement. For a typical desktop size set-
p, these deflections can be in the range of hundreds of nanometers
o a few microns. At this scale, several factors can adversely affect

he measurements:

. Unanticipated sources of compliance (or parasitic compliance)
in the experimental set-up can contribute additional deflection
b) C-DP-DP Flexure.

when a bearing force is applied. This includes the various stages
in the flexure mechanism that are nominally assumed “rigid” but
have finite compliance. The flexure mechanism’s ground plate
and mounting to the experiment table also have finite compli-
ance.

2. The method used to apply the bearing direction load has to be
such that it does not introduce any hysteresis, so as to ensure
a high degree of repeatability in the small bearing direction
displacement measurements. Providing such bearing direction
actuation over a range of motion direction displacements makes
the experimental set-up design challenging.

3. Motion direction actuation must be such that it only provides
a motion direction force and does not lead to additional forces
in the bearing direction due to the flexure mechanism’s bearing
direction error motions, if any. This additional bearing direction
force will produce additional bearing direction displacement,
which can corrupt the desired measurement.

4. Sensors for measuring the bearing direction displacement
should have adequate range, resolution, and accuracy and mini-
mal  sensitivity to environmental disturbances (e.g. temperature
fluctuation). Also, the sensor should ideally be non-contact
to avoid any friction or hysteresis in the bearing direction.
Furthermore, measurements can have drift due to environmen-
tal variations. The experimental setup and process has to be
designed to filter out any such drift.

5. Sensor and actuator mountings have to be designed carefully to
provide a secure assembly and at the same time avoid friction,
backlash, and the effects of parasitic compliance.

The experimental set-up design presented in this paper (Fig. 2)
overcomes all of the above challenges. The sources of error are
either eliminated via appropriate design or are systematically iden-
tified and separated from the desired measurand. The primary
contributions of this work are:

1. This paper presents the first direct measurement, to the authors

best knowledge, of the bearing direction stiffness (Kx and K�) of
single translational DoF flexure mechanisms (DP-DP and C-DP-
DP) as a function of the motion direction displacement. These
measurements agree well with FEA predictions.
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. This paper presents several innovations and careful design con-
siderations in the experimental setup and procedure to enable
the above measurements. This includes the application of the
bearing direction force via a novel virtual pulley concept that
completely eliminates friction and hysteresis, enabling precise
measurements of small displacements. An actuator decoupler is
incorporated in the motion direction actuation. Ground mount-
ing locations between the experimental setup’s ground plate and
an optical table-top are strategically selected to minimize distor-
tion of the ground plate due to its finite compliance. Sensors are
chosen to provide non-contact measurement with high repeata-
bility and accuracy; these sensors are located on the ground
plate to minimize sensitivity to the ground plate’s distortion, if
any. The experimental set-up is designed to be highly modular
such that both the DP-DP and C-DP-DP flexure measurements
are accomplished via the same hardware. A systematic experi-
mental procedure is developed to reject measurement drift. This
basic set-up and the techniques for stiffness measurement are in
general relevant and instructive for the experimental character-
ization of any flexure mechanism or structure.

. This modeling and experimental work reveals several physical
insights that can be potentially useful in flexure mechanism
design. We  highlight the significance of parasitic compliance
associated with various stages, generally assumed rigid, and
their impact on bearing stiffness. We  also discuss the importance
of selecting ground mounting locations and finite compliance
of the ground plate/structure, and their impact on flexure
bearing performance as well as experimental setup design
(e.g. sensor and actuator mounting). We  also demonstrate the
impact of manufacturing tolerances and imperfections, which
are inevitable, on flexure bearing performance.
Section 2 in this paper presents preliminary analysis to guide the
esign of the experimental setup and inform the choice of bear-

ng dimensions, sensors, actuator and the loading configuration.
ection 3 presents the detailed design of the experimental setup
ing Stiffness Characterization.

including selection/fabrication and assembly of hardware compo-
nents. Section 4 focusses on the experimental procedure used to
conduct the experiments and acquire data, along with a discussion
on how the raw data is processed. Section 5 presents a compari-
son between the experimental measurements and finite element
analysis, along with a discussion on these results.

2. Preliminary analysis for the experimental setup design

2.1. Flexure bearing design and dimensions

The basic design of the flexure bearing used in this experimen-
tal set-up is shown in Fig. 3. Aluminum 6061-T651 (25.4 mm thick
stock plate) was selected as the bearing material because of its ease
of availability and machining, and dimensional stability over time
[1]. This large out-of-plane (Z direction) dimension ensures that
motions in the out-of-plane directions (i.e. displacement in Z, and
rotations about X and Y) are much smaller than motions in the in-
plane directions (i.e. displacements in X and Y, and rotation about
Z), allowing the focus of this investigation to remain on the latter.
The remaining dimensions for the flexure bearing were selected
to achieve: (i) a reasonably sized benchtop experimental setup, (ii)
motion direction displacement range that is at least 10% of the indi-
vidual beam flexure length so as to reveal the non-linearities that
give rise to bearing direction stiffness variation, and (iii) a margin of
safety against static failure for this motion direction displacement
range.

Furthermore, the flexure bearing was designed so that the same
hardware set-up incorporates both the DP-DP and CDP-DP geome-
tries. As shown in Fig. 3, the flexure bearing was  initially fabricated
in the C-DP-DP geometry. The secondary stages of the two  DP
flexures are connected to an external clamp via two parallelo-
gram flexures. Once this geometry was  experimentally tested and

characterized, the beams of these two  parallelogram flexure were
simply cut off with a saw blade, thereby reducing the bearing to
the DP-DP design. This was be followed by another round of experi-
mental testing and characterization of the DP-DP design. Each of the
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eams in the DP modules in the flexure bearing was designed with a
igid section in middle, which has shown to improve bearing direc-
ion stiffness without an adverse effect on the motion direction
tiffness [2,3,8].

There exist extensive closed-form analyses for the DP-DP and
-DP-DP flexures that parametrically relate the mechanism dimen-
ions to their stiffness properties [1,8,10]. However, all these past
nalyses have assumed symmetric DP-DP and C-DP-DP design, i.e.
he centers of the inner and outer parallelograms in the DP mod-
les with these flexure mechanisms were coincident. However, in
he present case, the center of inner parallelogram along the Y axis
point “A” in Fig. 3) is not coincident with the center of the outer
arallelogram (point “C” in Fig. 3) due to geometric layout reasons.
herefore, prior analytical expressions for stiffness in X, � (rotation
bout Z), and Y directions have been updated taking into account
he distance L4 between these two centers, and are presented below
or both the DP-DP and C-DP-DP flexure mechanisms:
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The beam characteristic coefficients in the above expressions are
non-dimensional terms that are functions of the beam shape (a0)
as given below [8], along with their numerical values for a0 = 0.3, a
choice discussed later.
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In Eq. (1), � is a dimensionless parameter that represents the
effectiveness of the clamp in the C-DP-DP mechanism in overcom-
ing the Y direction under-constraint associated with the secondary

stages [10]. The condition of � = 0 corresponds to the absence of
a clamp, for which the Kx expression in Eq. (1) simply reduces
to that for the DP-DP mechanism. For a well-designed C-DP-DP
mechanism, the value of � should be around or greater than 100.
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Table  1
Physical attributes of the CDP-DP and DP-DP flexure mechanism.

Quantity Notation Range/Value
C-DP-DP

Range/Value
DP-DP

Motion Direction Stiffness Ky (N/m) 6982–7069 6982
Bearing Stiffness at Location 1 Kx (N/m) 4.44 × 107–6.44 × 107 0.194 × 107–6.44 × 107

Rotational Stiffness K� (N.m) 6.24 × 104–7.97 × 104 6.24 × 104–7.97 × 104

Bearing Direction
Displacement at Location 1

XA (�m) 0.142–0.205 0.142–4.65

Rotational Motion � (�rad) 0.415–0.672 0.295–0.793
Bearing Direction Force Fx1 (N) 10 10
Motion Direction Force Fy (N) ±45.6 ± 45.3
Center  of Stiffness (measured

to the right of location “1” in
Fig. 3)

CoS (mm)  4.31 (at Y = − 6.5 mm)
3.38 (at Y = 0 mm)
2.46 (at Y = 6.5 mm)

1.60 (at Y = −6.5 mm)
3.38 (at Y = 0 mm)
5.16 (at Y = 6.5 mm)
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ig. 4. Bearing Stiffness (Kx) of the DP-DP and CDP-DP mechanisms: Closed-form
s. FEA.

urthermore, setting L4 = 0 in Eq. (1) reduces Kx to the previously
nown expressions for symmetric DP-DP and C-DP-DP mechanisms
1,8,10].

The rotational stiffness K� , given by Eq. (2), for the DP-DP and
DP-DP flexure mechanisms is the same and is not affected by the
symmetry (L4). The motion direction stiffness Ky for both these
exure mechanisms is given by Eq. (3) and is also not affected by the
symmetry (L4). In this expression, � is a dimensionless parameter
hat represents the increase in Ky stiffness of the C-DP-DP mecha-
ism with respect to the DP-DP mechanism as a result of the clamp.
he condition of � = 0 corresponds to the absence of a clamp, for
hich the Ky expression in Eq. (3) simply reduces to that for the
P-DP mechanism. The length L3 of the parallelogram beams asso-
iated with the clamp can be chosen to minimize � and therefore
imit an increase in Ky stiffness.

All these closed-form relations are based on the assumption
hat only the flexure beams are compliant while all other stages
primary stage, secondary stages, external clamp, ground, and
he middle sections of the DP flexure beams) are perfectly rigid.

hen the same assumptions are made in a finite elements based
odel (ANSYS: BEAM188 elements, NLGEOM turned on), the above

losed-form results match perfectly with the finite elements analy-
is (FEA), as shown in Fig. 4. While these assumptions do not strictly
old in practice, which also becomes evident in the experimental
ork presented subsequently, the parametric nature of the closed-
orm relations helps select baseline dimensions without resorting
o multiple iterations. A more accurate FEA (ANSYS: PLANE183 ele-

ents, NLGEOM turned on) that captures the compliance of these
Fig. 5. Center of Stiffness (CoS). Solid lines illustrate the stage after displacement
due  to loading.

stages is used for some design decisions in Section 3, and for a direct
comparison with experimental measurements in Section 5.

Referring to Fig. 3, the length L1 = 65 mm and thickness
T = 0.8 mm of the beam flexures in each DP were chosen to achieve
a Y displacement range of ±6.5 mm while maintaining a safety fac-
tor of 2 against yielding. The parameter a0 determines the degree of
distributed compliance of each beam flexure and was selected to be
0.3 based on previous beam shape optimization [8,10]. The thick-
ness of the middle sections of each beam, intended to be rigid, was
chosen to be 3T to provide 27 times higher moment of area in bend-
ing compared to the flexible end-sections of the beam. The beam
spacing of the inner parallelograms, 2W1 = 49.08 mm,  is selected
to reduce rotational error motions and increase rotational stiff-
ness; beam spacing of the outer parallelograms, 2W2 = 141.30 mm,
is selected to be greater than 2W1 and accommodate the exter-
nal clamp. As noted earlier, the external clamp also introduces
asymmetry in the design quantified by L4 = 34.19 mm.  The sec-
ondary stages are connected to the external clamp (length 2L2)
via respective parallelogram flexures. Each of these parallelograms
has a width 2W3 and the flexures in these parallelograms are of
length L3 and uniform thickness T. It should be noted that while a
smaller value of L3 is beneficial for clamp effectiveness � and Kx,
this also causes an increase in � and Ky. The dimensions associated
with the clamp were chosen to be, 2L2 = 146.9 mm,  L3 = 32.5 mm,
and 2W3 = 31.7 mm,  to ensure a high enough value of � (=288) and
keep the increase in Ky less than 3% from its nominal value for a Y
displacement range of ± 6.5 mm.

To minimize the contribution to the X direction compliance
of overall flexure mechanism from the primary stage, secondary
stages, the external clamp, and the ground stages, the minimum

in-plane thickness of these stages was  chosen be at least 15 times
larger than the thickness of the flexure beams. As a result of this
choice, the initial expectation was  that the X direction compliance
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f the overall mechanism would be primarily dictated by the beam
exures and would not be affected by the remaining “rigid” ele-
ents of the mechanism. However, experimental measurements

resented later in this paper show that despite this choice of dimen-
ions, the compliance of some of the stages becomes relevant and
annot be ignored. This offers some new design insights and guide-
ines that are discussed in Section 5.

For the dimensions selected above, Table 1 provides a summary
f various physical quantities (stiffness, forces, displacements, and
otations) for the CDP-DP and DP-DP flexure mechanisms based on
losed-form and BEAM188 FEA predictions. These entries assume

 nominal bearing direction load of 10N applied at the primary
tage location “1” and for a Y displacement range of ± 6.5 mm.  These
uantitative estimates help in the selection of sensors and actua-
ors.

.2. Determination of sensing and actuation needs

Next we proceed to determine how many independent mea-
urements are required to calculate the bearing direction stiffness
Kx) and rotational stiffness (K�) of the flexure mechanism at any
iven Y displacement position. The Center of Stiffness plays a very
mportant role in this calculation [1]. For any system comprising

 ground and a rigid stage interconnected by elastic elements, the
enter of Stiffness (CoS) is that location on the rigid stage where

f a force is applied, the stage only translates and does not rotate.
eferring to Fig. 5, if an X direction force Fx1 is applied at some loca-
ion that is at distance R1 from the CoS, then the X displacement at
ocation RA from the CoS is given by:

A1 = XCoS + RA�1 = Fx1

Kx
+ Fx1R1RA

K�
(5)

ere Kx is the X direction stiffness at the CoS and K� is the rotational
tiffness, which is independent of any reference point. Clearly, if the
orce is applied at the CoS (i.e. R1 = 0) or the sensor is located at the
oS (i.e. RA = 0) then the second term above vanishes. The above
elation assumes that the ground, on which the sensor is mounted,
nd the stage are perfectly rigid and do not deform due to load
pplication.

For the flexure mechanisms considered here, the location of the
oS is not known apriori and needs to be determined experimen-
ally. Therefore, there are four unknowns in the above equation:
x, K� , Ri, and RA, which indicates that multiple measurements are
eeded.

Applying a force Fx2 at a different location R2 would produce the
ollowing X displacement at a different sensor location RB:

B2 = XCoS + RB�2 = Fx2

Kx
+ Fx2R2RB

K�
(6)

Displacements such as XA1 and XB2 can be measured precisely via
on-contact sensors such as capacitance probes, linear encoders, or
VDTs. Note that the relative separation between the sensors and
ctuators, e.g. (RA–R1), (RB–R2), (R2–R1), etc., are set by the exper-
mentalist, and are therefore known; however these locations (R1,
2, RA, RB) with respect to the CoS are unknown.

If one sets Fx2 = Fx1 in the experiment and measures XA1 and XB2,
hen subtraction of Eq. (6) from Eq. (5) yields:

A1 − XB2 = Fx1

K�
(R1RA − R2RB) (7)

But this does not help determine K� because the quantity in
he parenthesis on the right hand side remains unknown even if

he experiment is set up such that RA = R1 and RB = R2, or RA = RB,
r R1 = R2, etc. In fact, any number of additional measurements
f this kind will not help achieve the desired goal of determining
x, K� and the location of CoS. One option to overcome this chal-
 Engineering 49 (2017) 1–14

lenge is to apply a moment on the stage via two  equal and opposite
forces off-set by a known distance, resulting in a known moment,
and measuring the rotation of the stage. Such an experiment
would yield K� in a straight-forward manner, and the remaining
unknowns can then be determined from measurements corre-
sponding to Eqs. (5) and (6). However, generating a moment in this
manner adds a bit more complexity in the experimental set-up.

The key observation here is that, one can first determine K�

by measuring �, because both these quantities are independent of
point of force application and location of CoS. Experimentally, it is
easy to calculate rotation from displacements at two  different loca-
tions (e.g., A and B) for a given load. Also, instead of applying a pure
moment, one simply needs to apply a force at two  different loca-
tions (e.g., 1 and 2), one at a time, and measure the corresponding
rotation for each case. Mathematically, this may  be stated as:

�1 = XA1 − XB1

RA − RB
= Fx1R1

K�
(8)

�2 = XA2 − XB2

RA − RB
= Fx2R2

K�
(9)

Assuming that the force magnitude is kept the same for the two
loading conditions in the experiments (i.e. Fx1 = Fx2 = Fx), subtract-
ing Eq. (9) from Eq. (8) results in:

(XA1 − XB1) − (XA2 − XB2)
(RA − RB)

= Fx (R1 − R2)
K�

(10)

Here, XA1, XB1, XA2, and XB2, are the four experimentally measured
displacements; the distances (R1–R2) and (RA–RB) and the force Fx

are known from the experimental setup; thus, K� can now be deter-
mined from Eq. (10). Eqs. (8) and (9) can now be used to determine
R1 and R2, respectively, which reveal the location of the CoS and
therefore values of RA and RB. Next, any one of Eqs. (5) or (6) may
be used to determine Kx.

Thus in summary, we  conclude that to experimentally deter-
mine the Kx and K� stiffness:

1. The same load amount has to be applied on the primary motion
stage at two  distinct locations, one at a time, and for each load
application, displacements have to be measured at two  distinct
locations on the motion stage. The sensing and loading locations
need not be the same.

2. The XA1, XB1, XA2, and XB2 measurements have to be repeated
over the desired Y displacement range of the motion stage. It is
expected that the location of the CoS, and therefore the values
of locations (R1, R2, RA, and RB all vary with Y displacement. This
would lead to an experimental determination of how the Kxand
K� stiffness values vary with Y displacement. The experimen-
tal setup and procedure must ensure that the motion direction
actuation does not disturb the motion stage displacement in the
bearing direction.

3. Since the measured displacements are expected to be in microns,
it is important that the sensing and loading (or actuation) meth-
ods in the bearing directions do not introduce any friction or
backlash to the experimental setup. These sensing and actua-
tion methods should be capable of sub-micron resolution and
accuracy and should operate over a range of Y displacement of
the motion stage.

4. To ensure high sensitivity in the XA1, XB1, XA2, and XB2 measure-
ments, the sensor locations A and B should be chosen as far as
practically possible. This would ensure large displacements at

the sensors for a given rotation, and therefore cleaner experi-
mental data (i.e. higher signal to noise ratio). Similar, loading
locations 1 and 2 should be chosen as far as practically possi-
ble to ensure a large difference between �1 and �2, which would
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result in a cleaner experimental determination of K� from Eq.
(10).

. For the above procedure to yield accurate bearing stiffness deter-
mination, the XA1, XB1, XA2, and XB2 measurements should not be
affected by parasitic structural compliance of the motion stage
and ground. This structural compliance cannot be completely
eliminated, as noted earlier, but the experimental set-up has to
be designed to minimize its influence.

These conclusions help guide the detailed design of the experi-
ental setup in the next section. Based on the mathematical results

f this section and the force-displacement data obtained from
EAM188 FEA in Section 2.1,  the predicted CoS locations for the
P-DP and C-DP-DP flexure mechanisms are listed in Table 1. As
xpected, the CoS location changes with the Y displacement.

. Detailed design of the experimental setup

The flexure mechanism, along with several assembly features
nd the ground frame, was designed to be monolithically fabricated
n an AL6061 plate, as shown in Figs. 2 and 3, per the dimensions
etermined in Section 2. Wire-EDM was chosen as the fabrication
ethod to ensure tight dimensional tolerances (±5 �m),  which are

ritical for a reliable comparison between modeling and experi-
ental results.

.1. Motion direction actuation and sensing

The flexure mechanism was designed for Y displacement range
f ± 6.5 mm.  As per Table 1, the required motion direction actua-
ion force is ±45N. For this purpose, we selected a DC motor driven
recision micrometer with a non-rotating tip (PhysikInstrumente
C-Mike, M-227.25). This actuator also has a built-in rotary encoder

resolution of 3.5 nm), which was used to measure the Y displace-
ent of the primary motion stage. However, the accuracy of this
easurement is limited to 2 �m by the backlash and pitch variation

n the micrometer This in turn limits the point to point positioning
ccuracy when the actuator is operated in closed-loop using the
ncoder feedback. The positioning accuracy of 2 �m is acceptable,
ecause the smallest Y displacement of interest is ±0.5 mm.

A load cell (Model # ELFS-T3E-50L) was mounted between the
ctuator and the primary stage to measure the load applied by
he actuator. The load cell provides a measurement range is 50 lbs
hich is more than adequate for the maximum predicted motion
irection force; and an accuracy of ±0.5 lb.

The ground plate was designed to include a monolithic flex-
re based clamp [1,16], which was used to mount the cylindrical
ctuator in-plane. This design provides a relatively uniform clamp-
ng force distribution, resulting in a mounting that is secure but
lso non-damaging to the actuator. The moving end of the actuator
nterfaces the primary motion stage via an actuator coupling that

as designed as an extension of the primary stage. A spilt bronze
leeve between the coupling and the moving end of the actuator
rovides a cylindrical clamp, which is tightened via two screws.
his arrangement provides a distributed clamping force without
amaging the cylindrical surface of the moving end of the actua-
or. The thin flexure beam is included between the primary motion
tage and the actuator coupling to serve as an isolator. This isolator
eam transmits the Y direction force from the actuator to the pri-
ary motion stage, but at the same time absorbs any small off-axis
otions between the actuator and the primary motion stage. This
s important to ensure that the motion direction actuation does
ot apply loads on the primary stage in the X or � directions,
hereby affecting displacements in these directions. For a thick-
ess T value of 0.8 mm,  the dimension L5 was chosen such that the
Fig. 6. Virtual Pulley Set-up.

bending stiffness of the isolator beam is several orders of magni-
tude less than the lowest value of the CDPDP mechanism bearing
stiffness. This isolator beam, which is easily incorporated within the
monolithic flexure plate design, accommodates in-plane misalign-
ments via design, while out-of-plane misalignments are limited
via tight manufacturing and assembly tolerances. A hard stop was
designed into the ground plate to limit the actuator displacement
to ±6.5 mm,  thereby preventing inadvertent damage to the flexure
bearing.

3.2. Bearing direction actuation: Virtual Pulley

As determined in Section 2, to measure the Kx and K� stiffness
values, X directions loads need to be applied on the primary stage
at two  different locations, one at a time. Furthermore, this has to
be repeated over the entire range of Y displacement. Since the
displacements in the X direction are very small (of the order of
microns), the X direction actuation system has be free of friction
and backlash, which adversely affect the accuracy and repeatability
of experiment.

To accomplish this goal, one can potentially employ non-contact
force actuators such as a voice coil or a moving magnetic actuator.
The challenge here would be to either incorporate two actuators or
use one actuator in two different locations, one at a time. An even
greater challenge would be change the actuator position as with
changing Y displacement of the primary stage.

Another option would be to use a high-precision displacement
actuator such as a piezoelectric stack. Here the experimental design
challenge would be include an isolator between the actuator and
the primary stage to prevent any damage due to off-axis loads,
include a load-cell to measure the force applied by the actuator,
incorporate a means to independently apply forces at two  locations
on the primary stage, and incorporate a means to change the loca-
tion of the actuator(s) with changing Y displacement of the primary
stage.

While either of the above options can be implemented via
appropriate hardware design, a much simpler and cost-effective
alternative is to use free hanging weights. But that requires the use
of a pulley to change the direction of the vertical gravitational force
to a horizontal force applied on the ground plate mounted on an
optics table. A traditional pulley that employs either a roller or a
non-rolling pin is prone to friction and backlash, leading to mea-
surement hysteresis, and is therefore inadequate for this testing.

To overcome this challenge, we  propose the novel concept of
a virtual pulley: a geometric arrangement of strings that provides
the functionality of a pulley (i.e. changes the direction of a ten-

sion bearing string) without actually using a physical pulley. This
idea, illustrated in Fig. 6, has been suggested in the past [1], but the
current work is its first reported practical implementation.
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One of the strings is attached to a loading fixture that over-
angs the edge of the optics table. This string is looped around a
teel rod on the fixture as shown in Fig. 6. A second string is tied
o the loading point on the primary stage, then threaded through
he loop of the first string, and subsequently attached to a hanging
eight. In our experiment, each of these strings is a 302 stainless

teel braided cable with 1 × 7 strand construction, 0.012 in diam-
ter, 25 lb breaking strength. The system achieves an equilibrium
tate under the gravitational force and the spring force of the flex-
re bearing. Using basic trigonometric relations and measurements
f the string angles, one can determine the X direction force Fx in
erms of the known weight W.

x = W
sin �2+e�� sin(�+�2)
cos �2+e�� cos(�+�2)

− tan �1

(11)

A fixed weight W = 1.5 kg was used for all the experiments.
ngles (� = 8.5◦, �1 = 4◦, �2 = 54◦) were measured from distortion-

ree side view images of the set-up (similar to Fig. 6). The term
�� accounts for the difference in the tension due friction one two
ides of the string wrapped around the cylindrical steel rod in the
oading fixture. The angle of wrap (�) of the first string around the
teel rod was measured from a side view image to be 190◦. The
oefficient of friction (�) between the string and the rod was  experi-
entally determined to be 0.15 ± 0.005. The interfaces between the

wo strings and between the first string and the steel rod are non-
liding interfaces, held in place by static friction. Therefore, there is
o hysteresis in the resulting measurements. However, relying on
tatic friction to hold an interface introduces a small error in the X
irection force Fx for a given weight W,  as indicated by Eq. (11) and
aptured later in Section 5.3. Alternatively, these interfaces could
ave been locked using glue or knots, which not only eliminate
ysteresis but also reduce measurement error.

Furthermore, per the conclusions of Section 2.2, these two  loca-
ions were chosen to be as far away from each other as possible and
et kept close to bases of the inner parallelogram flexure beams
marked by * in Fig. 3) to minimize any deformation of the primary
tage. The primary stage had two pressed dowel pins corresponding
o the two points of load application (1 and 2). To change the set-
p between the two load applications, the first string was  simply
witched from one pin to the other while the looped second string
as slid along the length of the steel rod on the loading fixture,

uch that both strings were in a single plane normal the Y motion
xis of the flexure bearing.

The use of the virtual pulley concept reduced the cost and com-
lexity of the experimental set-up while providing high precision
easurements. In general, this kind of arrangement is suitable
hen displacements are small. While the above-described method

s one way of setting up the virtual pulley, one can envision various
lternate ways to accomplish a similar geometric arrangement.

.3. Bearing direction sensing

As determined in Section 2.2, the X displacement of the primary
tage has to be measured at two locations. Non-contact sensors are
deal for this purpose because they do not contribute any friction
r backlash. Furthermore, to avoid re-mounting the X displacement
ensors for each Y displacement of the primary stage, the sensors
hould be insensitive to the latter. Capacitance probes meet all
hese criteria and were therefore selected. Furthermore, to max-
mize the sensitivity of measurement, the two capacitance probes
ere spaced (locations A and B) as far apart as possible. To achieve
his, the primary stage was designed with an extended arm. Since
his arm does not lie in the load path, it does not get deformed
uring the loading experiments.
 Engineering 49 (2017) 1–14

The two capacitance probes mounted at locations A and B were
from Lion Precision (Model C-1A, Full Scale Range: 500�m, RMS
Resolution: 8.6 nm,  Accuracy: 19 nm based on uncertainty of cali-
bration, Sensitivity 0.04 V/�m).  The sensor system consists of three
components: capacitance sensor, capacitance signal amplifier and a
sensing surface. The capacitance sensors were mounted on respec-
tive fixtures attached to the ground frame and the sensing surfaces
were precision ground gage blocks that were attached to the pri-
mary stage.

The probe mounting fixtures were attached to the ground frame
at locations that were determined to have minimal deformation
under loading. Even though the ground plate is designed to be stiff,
certain segments are more compliant than others because of their
geometry. This parasitic compliance can lead to several microns
of displacement, thereby corrupting the X displacement measure-
ment. As discussed in the next sub-section, FEA was used to predict
the deflection of the ground frame under bearing direction load for
the entire range of Y displacement of the primary stage. The deflec-
tion results from the simulation were used to choose a set of points
(G2) on the ground frame (see Fig. 2) that had deflections that were
at least two orders of magnitude less than the bearing direction
deflections of the CDPDP flexure mechanism.

3.4. Ground mounting

The choice of screw locations to mount and secure the ground
plate to the optics table is a crucial decision in the experimental
set-up design because this determines the extent to which ground
compliance plays a role. Two choices were considered — three G1
holes or four G2 as shown in Fig. 3 — and compared with a perfectly
ideal ground via FEA. To capture the compliance of the ground plate
and various stages in the flexure mechanism, the planar geometry
of shown in Fig. 3 was  meshed using PLANE 183 elements in ANSYS.
The PLANE183 element (8 nodes and 16 ◦ of freedom) accurately
captures large deflections and associated non-linearities when the
NLGEOM option is enabled. For planar geometries like those being
considered here, PLANE183 provides greater computational effi-
ciency compared to 3D solid elements.

To serve as a baseline, “ideal ground” was modeled by setting
zero displacement boundary conditions at the locations where the
four beams associated with the two outer parallelograms in both
the DP-DP and C-DP-DP flexures interface with the ground plate
(marked by the signs 	 in Fig. 3). This eliminates the effects of any
compliance associated with the ground plate, which is also equiv-
alent to assuming a perfectly rigid ground plate. For the G1 and
G2 mounting locations, the actual geometry of the ground plate
was modeled with displacements at the screw hole locations set
to zero. In each case, a 10N force in the X direction was  applied at
loading location 1. Fig. 7a and b show the FEA generated deforma-
tion maps of the C-DP-DP ground plate for screw locations G1 and
G2, respectively.

Furthermore, Fig. 8 shows the FEA predicted XA1 deflection of
the primary stage with varying Y displacement, under an X direc-
tion load of 10N at location 1, for the various ground options. From
Fig. 7, it is clear the G1 screw location results in significant ground
plate distortion, which moves the probe mounting fixture location.
This adversely affects the X direction displacement measurement
of the primary stage with respect to the ground plate, as seen in
Fig. 8. The ground plate distortion and the resulting corruption
of the capacitance probe displacement measurements render the
assumptions and conclusions of Section 2.2 invalid. Moving the
screw location from G1 to G2 substantially mitigates these effects

but does not completely eliminate them. The G2screws are located
on the ground plate as close as practically possible to the base
of the outer parallelogram flexure beams (marked by the signs
	 in Fig. 2); nevertheless, the small segment of ground plate in-
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Fig. 7. C-DP-DP Ground Plate Deformation Map  (a
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ig. 8. Bearing Direction Displacement XA1(Y): FEA predictions for various ground
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etween contributes a finite ground compliance resulting in the
mall discrepancy seen in Fig. 8. It is clear that ground mount-
ng plays a key role in the overall system compliance: the G1
ption results in almost an order of magnitude greater bearing
irection displacements at the primary stage compared to the G2
ption. We  concluded that despite the small discrepancy compared
o ideal ground, G2 represents the best ground mounting option
hat separates the actuation load loop and metrology loop and can
e practically implemented in the experimental set-up. Accord-

ngly, ground plate was mounted on a Newport RS1000 optics table
sing ¼-20 screws at the G2 location. Four Mitutoyo gage blocks
0.15 inch thickness) with through holes for the mounting screws
rovided consistent spacing between the ground plate and the table
op. A separate FEA showed an insignificant impact of the Y actua-
ion force on the plate distortion.

.5. Data acquisition and control system

A real-time control prototyping system DS1103 from dSPACE
as used to command and control the Y direction actuator and to

cquire and store data from all sensors in the system.

. Experimental procedure and data

Even though the flexure mechanism was designed for ±6.5 mm

otion range, the experimental data was collected over a range

f ±5 mm,  which is adequate for the current investigation. We
onducted an initial round of experimental measurements using a
wo-step procedure. In the first step, the primary stage was moved
) Screw Location G1 (b) Screw Location G2.

from Y = −5 mm to +5 mm in 0.25 mm steps without any bearing
direction load, and the bearing direction displacement at locations
A and B was captured at each Y displacement position. In the second
step, the same process was  repeated, but with the bearing direc-
tion load applied at location 1 and 2 (one at a time). The difference
between the displacements with and without the bearing load was
used to calculate XA1, XB1, XA2, and XB2. However, drift in the capaci-
tance probe measurements posed a serious limitation to using this
two-step procedure, resulting in inconclusive data. To character-
ize this drift, the output of the capacitance probes was recorded
over 30 min, with the experimental set-up left in steady state. Over
multiple such 30 min  durations at different times in the day and
over several days as well as for various loaded and unloaded con-
ditions, the capacitance probe drift ranged from 1 nm to 180 nm.
This level of drift and associated uncertainty is unacceptable, given
that some of the expected displacement levels are in the same
range (Table 1). To overcome the effects of drift without resort-
ing to stringent environmental control, we developed an alternate
experimental procedure, which is outlined below.

As earlier, the primary stage was moved from Y = −5 mm to
+5 mm in 0.25 mm steps. For each Y position, a bearing direction
load Fx1 was  applied at location 1 by adding W = 1.5 kg weight to
the loading string of the virtual pulley. The weight was  left hang-
ing for 30 s to allow any transients to die out. Next, the string was
unloaded by simply lifting the weight manually and kept that way
for another 30 s to let the new transients to die out. The loading
and unloading, each with a 30 s hold, was repeated five times. The
output measurements from both probes, A and B, were recorded
for this entire duration. Then, the primary stage was  moved to
the next Y position and the above loading/unloading steps and
associated measurements were repeated. Fig. 9 shows a represen-
tative position output from capacitance probe A at Y = −1.75 mm
and Y = −1..5 mm.  The output was  filtered using a moving average
over 50 samples to reduce measurement noise. From this data, we
were able to measure the delta in primary stage position with and
without bearing load (i.e. XA1 and XB1). Since this delta happens
over a very small period of time, there is practically no effect of
drift. Also, any bearing direction error motion that exists indepen-
dent of the loading also gets eliminated from the measurement.
Furthermore, repeating the loading/unloading five times allows an
average of the measurement, reducing random errors.

The same procedure was  repeated for the bearing load posi-
tion 2, resulting in measurements of XA2 and XB2 as a function of Y
displacement. Although the loading and unloading was done man-
ually by hanging and lifting the weights, this process can also be
automated if needed.
Fig. 10 shows the primary stage bearing displacement mea-
surement, XA1, at probe A for the C-DP-DP flexure mechanism in
response to the bearing load Fx1 = 8.46N (W = 1.5 kg), for one com-
plete experimental run of Y = −5 mm to +5 mm.  Also shown for
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Fig. 9. Probe A Measurement for Y = −1.75 mm and −1.5 mm.
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Fig. 11. Center of Stiffness Location for the C-DP-DP mechanism.
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mismatch in the bearing direction compliance at Y = 0. Fig. 13 also
Fig. 10. Bearing Direction Displacement XA1(Y): Experiment versus FEA.

omparison is an FEA (PLANE183) prediction for the same ground
ption (G2), loading condition, and sensor location. The discrep-
ncy seen here will be discussed in the next section. Similar data
as compiled for XB1, XA2, and XB2 as well. Additionally, force Fy

as measured via the load cell and associated displacement Y were
easured using the optical encoder embedded with the Y actuator.

. Results and discussion

.1. Bearing and rotational direction stiffness

Once the displacements XA1, XB1, XA2, and XB2 were experi-
entally measured, the expressions from Section 2.2 were used

o determine the Center of Stiffness (CoS) and stiffness values Kx

nd K� for each flexure mechanism. In this section, these experi-
ental results are compared with BEAM188 based FEA (described

n Section 2.1) and PLANE183 based FEA (described in Section 3.4).
EAM188 based FEA model assumes the various stages in the mech-
nisms (primary stage, secondary stages, external clamp, ground,
nd the middle sections of the DP flexure beams) to be perfectly
igid. These simplifying assumptions are removed in the PLANE183

ased FEA, which represents the most accurate model of the actual
hysical system and is therefore best-suited for comparison with
he experimental results.
Fig. 12. Center of Stiffness Location for the DP-DP mechanism.

Figs. 11 and 12 plot the variation of the CoS location with Y dis-
placement for the C-DP-DP and DP-DP mechanisms, respectively.
The CoS location, measured to the right with respect to point “1”
in Fig. 3, was  calculated using data obtained from BEAM188 based
FEA, PLANE183 based FEA, and experiments.

As expected, while the BEAM188 based FEA prediction does
not match very well with the experimental measurement, the
PLANE183 based FEA offers a better match for each mechanism.
Although there remains a finite discrepancy between PLANE183
and experiment, which is discussed later, the trends and orders of
magnitude clearly match.

Next, the bearing direction stiffness (Kx) determined from
PLANE183 FEA and experiments are plotted against the motion
direction displacement Y for the C-DP-DP and DP-DP mechanisms
in Fig. 13. Note that for each value of Y, stiffness Kx is reported at
the Center of Stiffness, which itself varies with Y as seen above.
There are several key observations here. For each mechanism, a
comparison between PLANE183 FEA and experiment shows that
the Kx order of magnitude and trend match well. As discussed
later, the finite discrepancy arise largely from a single factor, a
provides a clear experimental validation that while the Kx bearing
stiffness value at Y = 0 is the same for both mechanisms, its drop
with increasing Y displacement is significantly less in the C-DP-DP
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xperiment.

echanism compared to the DP-DP mechanism. This corroborates
revious qualitative and quantitative predictions.

Next, the rotational stiffness (K�) is plotted as a function of
otion direction displacement Y for the C-DP-DP and DP-DP mech-

nisms in Fig. 14. Comparison between PLANE183 FEA prediction
nd the experimental measurement shows a good match in the
rder of magnitude as well as trend. The finite discrepancy between
he prediction and measurement, as discussed later, is primarily
ue to a mismatch in the rotational compliance at Y = 0. Also, these
easurements confirm that the external clamp in the C-DP-DP
echanism does not affect the rotational stiffness and its varia-

ion, which remain the same as that for the DP-DP mechanism.
oth PLANE183 FEA prediction and experimental measurement of
he stiffness is less than that predicted by closed form analysis (Eq.
2)) and BEAM188 FEA, because of the idealized assumptions made
n the latter models.

It was shown in Section 2.1, as well as in prior publications
8,10], that the Kx and K� stiffness values calculated analytically,

iven by Eqs. (1) and (2), exactly match those determined using
EAM188 FEA models for the C-DP-DP and DP-DP flexure mecha-
isms. However, both PLANE183 FEA prediction and experimental
easurement of these stiffness are less than that predicted by
 Engineering 49 (2017) 1–14 11

closed form analysis (Eq. (1) and (2)) and BEAM188 FEA, because of
the idealized assumptions made in the latter models. Thus, while
these models are appropriate for basic estimation and conceptual
design work, one needs to take into account the finite compliance
of the ground plate, the primary and secondary motion stages, the
external clamp (in case of C-DP-DP), and the middle section of
beam flexures for a more accurate prediction. When this is done via
the PLANE183 FEA, we see a reasonably good agreement with the
experimental measurements. While running the PLANE183 FEA, we
selectively turned on the finite stiffness of the various stages in all
possible combinations and determined that, for the flexure geom-
etry at hand, the biggest source of stiffness discrepancy between
the closed-form/BEAM188 FEA and the PLANE183 FEA comes from
the bending compliance of the ground plate and the secondary
stages. The effect of the former was  mitigated by moving the ground
mounting from G1 location to G2 location, as discussed in Sec-
tion 3.4. This reinforces the design guideline that ground anchor
points should be made as close as practically possible to the base
of the flexure beams. The latter issue pertaining to the secondary
stages was addressed in Section 2.1, where the in-plane thickness
of these stages was  chosen to be 15 times that of the beam flex-
ures to mitigate their compliance. But a comparison between the
BEAM188 FEA, PLANE183 FEA, and experiment (Figs. 11 and 12),
shows that this dimensional choice is still inadequate. Therefore,
greater thickness should be chosen (along with appropriate truss-
ing to manage weight) such that bearing direction compliance
contribution from the secondary stages is an order of magnitude
smaller than that from the beam flexures. However, if these steps
pertaining to the ground mounting and secondary stage dimen-
sions are not practically feasible, then the compliance of the ground
plate and secondary stages should be taken into consideration in
the modeling and design of the flexure mechanism.

Next, we  proceed to systematically quantify the discrepancy
seen between the PLANE183 FEA prediction and the experimental
measurement. It is evident from the expressions of Eqs. (1) and (2)
that the analytically derived compliance in the X and � directions
can be expressed as quadratic functions of displacement Y. This
implies that the corresponding stiffness values may  be generically
stated as follows:

Kx (Y) = 1

C2(Y − C1)2 + C0

(12)

K� (Y) = 1

D2(Y − D1)2 + D0

(13)

Rather than compare the absolute values of the stiffness
obtained from PLANE183 FEA and experiments, we compare the
individual coefficient (C0, C1, C2) and (D0, D1, D2), which capture
specific physical significance. Using the example of Kx: Co captures
the purely elastic compliance at Y = 0; C1 contributes a linear com-
ponent in Y and represents any offset in the Y reference position;
and, C2 captures the elastokinematic compliance which is quadratic
in Y. The stiffness data obtained from PLANE183 FEA and the exper-
iments are fitted with the functions given by Eqs. (12) and (13). The
PLANE183 FEA data fits perfectly with this analytic function, while
for the experimental data we employ a least squares fit. The result-
ing coefficients are summarized in Tables 2 and 3 for the C-DP-DP
and DP-DP flexures, respectively, along with differences between
PLANE183 FEA and experiment expressed in absolute or percent-
age.

The quadratic terms C2 and D2 in the stiffness expressions Kx and
K� for both mechanisms predicted by PLANE183 FEA and obtained

from the experimental data agree within 5%. This is within the range
of experimental error as discussed later in Section 5.3. This agree-
ment presents a strong experimental validation of the quadratic
non-linearity that leads to the drop in the bearing stiffness (Kx
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Table  2
C-DP-DP Compliance Coefficients: Experiment vs. FEA.

C2(m/N.�m2) C1(�m) C0(m/N) D2(rad/Nm.�m2) D1(�m) D0(rad/Nm)

Experiment 4.29 × 10−16 −2214.45 7.25 × 10−8 7.24 × 10−14 808.01 2.77 × 10−5

PLANE183 FEA 4.11 × 10−16 −1995.13 4.39 × 10−8 7.60 × 10−14 1052.63 3.75 × 10−5

Difference 4.38% −219.32 65.28% −4.74% −244.62 −26.29%

Table 3
DP-DP Compliance Coefficients: Experiment vs. FEA.

C2(m/N.�m2) C1(�m) C0(m/N) D2(rad/Nm.�m2) D1(�m) D0(rad/Nm)

−14 0−8 9.40 × 10−14 659.57 2.84 × 10−5

0−8 9.1 × 10−14 769.23 3.75 × 10−5

3.3% −109.66 −24.27%
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Experiment 1.14 × 10 158.33 7.23 × 1
PLANE183 FEA 1.19 × 10−14 12.98 4.56 × 1
Difference −4.20% 145.35 58.59% 

nd K�) with increasing Y displacement, which is the primary phe-
omenon of interest in this investigation. These quadratic terms
epresent a geometric non-linearity that arises from finite displace-
ents, as distinct from infinitesimal displacement analysis. These

esults also provide a direct experimental validation of the FEA and
losed-form analytical predictions that the drop in Kx bearing direc-
ion is significantly less for CDP-DP mechanism as compared to the
P-DP mechanism.

The discrepancy between PLANE183 FEA and experiment in
he linear terms C1 and D1 for both mechanisms is presented in
ables 2 and 3 as an absolute difference instead of percentage. For a
exure mechanism geometry that is perfectly symmetric about the

 = 0 point and an experimental set-up that precisely captures this
eference point, both the linear term coefficients C1 and D1 would
e zero. However, as described in Section 2.1, there is an asymmetry

n the geometry of both mechanisms along the Y axis, captured by
he finite L4 dimension, due to the presence of the external clamp.
his asymmetry is further compounded when the compliance of the
arious stages is taken into consideration as in case of the PLANE183
EA. All these factors result in non-zero predicted value of C1 and
1 for both mechanisms, as listed in Tables 2 and 3. However, the
xperimentally determined values of these coefficients are slightly
ifferent. These differences are readily attributable to the error in
etting the Y = 0 reference in the experiments. The initial position
f the stage was set manually and therefore has a potential for
rror in the range of ±500 �m.  The differences in C1 and D1 coef-
cients between FEA prediction and experiments are well within
his range. One way of eliminating this error in the future would be
o use a highly accurate pre-calibrated load cell in the Y direction
o determine the true Y = 0 position of the flexure mechanisms.

Next, we consider the C0 and D0 terms, which represent the
iggest discrepancy between the PLANE183 FEA predication and
xperimental measurements for both mechanisms. Discrepancy in
hese terms represents a constant offset, independent of Y, in the
orresponding compliance, which is equivalent to a discrepancy in
he nominal linear elastic stiffness at Y = 0 predicted by the infinites-
mal displacement analysis. The constant offset in compliance is a
irect consequence of the constant offset of approximately 0.2 �m

n bearing direction displacement seen in Fig. 10. In the experi-
ental measurement of bearing direction displacement, there is an

dditional component of displacement, proportional to the bearing
irection force, but independent of Y position. This implies that the
xperiments consistently show higher compliance (constant offset
ndependent of Y) and lower stiffness (at Y = 0), compared to FEA
redictions for all the cases listed in Tables 2 and 3. While these
iscrepancies are substantial, they are to be expected because the
ctual manufactured geometry of the flexure mechanism always

as some deviations from the ideal geometry as modeled in CAD
nd FEA. The ideal geometry assumes perfectly uniform thickness
f all flexure beams, perfect straightness of each beam, and perfect
arallelism/orthogonality between various beams and other geo-
Fig. 15. Possible fabrication imperfections in beam flexure geometry.

metric features in the mechanism. Towards this end, wire-EDM was
employed as the method of fabrication, which offers very tight tol-
erances (typically ± 5 �m)  and therefore some predictability in the
manufactured mechanism’s geometry. But another factor that plays
a key role in determining the flexure mechanism’s manufactured
geometry is material stresses. When a flexure mechanism is cut out
of plate stock, there is the possibility of material stresses getting
relieved, which results in unpredictable deformations of the thin
flexure beams. To minimize this phenomenon, a specific temper
of Aluminum, AL6061-T651, was  selected, where the (−51) exten-
sion signifies that the plate stock is stress-relieved but this does
not always eliminate all material stresses. Therefore, it is highly
probable that the resulting flexure beams post wire-EDM were not
perfectly straight. In the absence of a direct characterization of the
beam geometry using a coordinate measuring machine (CMM)  or
visual inspection via an optical comparator, we  tested the hypoth-
esis of non-straight beams via FEA modeling. We  assumed two
representative non-ideal geometries (Fig. 15), where the parame-
ter � captures the extent of geometric imperfection. Both the DP-DP
and C-DP-DP mechanisms were modeled via PLANE183 FEA, while
assuming the Type 1 and Type 2 imperfection, one at a time, in
each flexure beam. The results showed that for a � value of 0.5T
in the C-DP-DP flexure mechanism, there is an additional constant
XA1 displacement of 194 nm for Type 1 imperfection and 302 nm for
Type 2 imperfection, compared to the perfect geometry. A geomet-
ric imperfection of � = 0.5T is quite possible with the current choice
of material and fabrication method, and the predicted displacement
discrepancy is comparable to that seen in Fig. 10. Thus, while the
Type 1 and Type 2 geometries are merely representative, they help
support the hypothesis that the discrepancy seen in the C0 and D0
coefficients may  be explained by typical fabrication imperfection
in the flexure beams.

5.2. Bearing direction stiffness measurement error and sensitivity
analysis

To estimate the error in the experimental measurement of Kx

and K� , we conducted a sensitivity analysis based on the propaga-
tion of errors. A partial derivative of Eq. (11) helps express fractional

error in bearing force measurement, (d Fx)/Fx, in terms of the frac-
tional error in the direct measurement of string angles, coefficient
of friction, and weight. Similarly, a partial derivative of Eq. (10)
provides the fractional error in rotational stiffness, (d K�)/K� , in
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Table  4
Fractional Errors in Direct and Derived Measurements.

Quantity Error [Units] Source Fractional Error [%]

Weight: W 0.001 [kg] Accuracy per calibration record
String Angles: �,�1 ,�2 0.2 [deg] Accuracy of image processing
Distances: (R1–R2), (RA–RB) 0.02 [mm]  Accuracy of calipers
Displacements: XA1, XB1, XA2, XB2 19.2 [nm] Combined uncertainty per calibration record
Bearing Force: Fx 0.36 [N] Derived 1.6%
C-DP-DP Cos Location: R1, R2 , RA , RB 1 [mm]  Derived 6.2%
DP-DP CoS Location: R1, R2 , RA , RB 1 [mm]  Derived 6.3%
C-DP-DP Rotational Stiffness: K� Derived 7.7%

Derived 7.6%
Derived 6.8%
Derived 4.5%
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erms of fractional errors in the direct measurement of capacitance
robe displacements and sensing and actuation location separation
istances, as well as derived measurement of the bearing force. A
artial derivative of Eq. (8) provides the fractional error in the loca-
ion of CoS captured via d(R1)/R1 in terms of the fractional errors
n the direct measurement of capacitance probe displacements and
ensing location separation distance, as well as derived measure-
ent of the bearing force and rotational stiffness. Finally, a partial

erivative of Eq. (5) provides the fractional error in the bearing
tiffness measurement, (d Kx)/Kx, in terms of the fractional errors
n the derived measurement of CoS location, bearing force, and
otational stiffness. A summary of absolute and fractional errors in
arious direct and derived measurements are compiled in Table 4.
ince various measurements vary with the Y displacement, average
alues are provided where relevant.

.3. Bearing direction error motions

The sensor measurements at locations A and B in the absence
f any bearing direction load Fx also reveal the X direction error
otion (Ex expressed at the CoS) and the rotational error motion (E�

xpressed CCW positive) as a function of Y displacement. Although
oth the CDP-DP and DP-DP mechanisms are symmetric about the

 axis by design and therefore theoretical values of Ex and E� should
e zero, in practice many factors contribute to non-zero values of
hese error motions. These factors include imperfection in the fab-
icated flexure mechanism geometry, imperfect application of the
otion direction force Fy, angular misalignment of the capacitance

robe axis with respect to the Y axis of the mechanism, and angular
isalignment of the target blocks with respect to the Y axis of the
echanism. Of these, the former two are imperfections inherent to

he mechanism and actuation that we seek to measure. As shown
n previous work [17], misalignment of the probe axis results in

 cosine error that is negligible for angles in the range of a few
egrees, while similar misalignment of the target block leads to a
ine error that can be significant. Straightness or flatness of the tar-
et block, which is in the range of a fraction of a micron, is ignored
n this analysis since the measured errors are in tens of microns. In
he context of Fig. 5, assuming a target block misalignment of �A

measured CCW positive; not shown in Fig. 5) at sensor A, as the
otion stage moves along the Y axis, the displacement measured

y this sensor can be expressed as:

A = Ex + RAE� − YˇA (14)

Assuming an analogous X direction displacement expression for
ensor B, one can readily derive:

Y
(

RAˇB − RBˇA

)
RAXB − RBXA
x −
RA − RB

=
RA − RB

(15)

� −
Y

(
ˇA − ˇB

)
RA − RB

= XA − XB

RA − RB
(16)
Fig. 16. Modified X Error Motion (Ēx) at CoS for the CDP-DP and DP-DP mechanisms.

In Eq. (15), the left hand side (LHS) is a combination of the error
motion term that we  seek to measure (Ex) and a term arising from
the target block misalignment (�A and �B). As shown previously
[17], these two  terms cannot be distinguished in a measurement
unless one measures the target block misalignment explicitly, for
example with a coordinate measurement machine. Since such mea-
surement was not available at the time of this experiment, we
report the overall LHS as a modified errorĒxdetermined by the mea-
sured quantities on the right hand side (RHS) of this equation. Thus,
Ēx, which is plotted with respect to Y displacement in Fig. 16 for
both mechanisms, represents error in the mechanism, actuation, as
well as sensor target misalignment (i.e. errors associated with the
experimental hardware). Analogously, a modified error Ē� , defined
by the LHS of Eq. (16), is plotted with respect to Y displacement in
Fig. 17 for both mechanisms. These error measurements are within
the range of expected manufacturing and assembly imperfections
and target block misalignment. The fact that both measured errors
are almost identical for the CDP-DP and DP-DP mechanisms cor-
roborates that the source of these errors is in the experimental
hardware and setup, which is common for the two mechanisms.
The fractional errors in the estimates of Ex and E� are computed via
propagation of errors (similar to Section 5.3), and are 1.8% and 0.2%
respectively.

5.4. Motion direction stiffness

The motion direction stiffness Ky for both the flexure mech-

anisms was experimentally determined from the Fy force and Y
displacement measurements, and compared to the value predicted
by Eq. (3). A comparison between the analytical predication and
experimental measurement for the C-DP-DP mechanism in Fig. 18
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Fig. 17. Modified Rotational Error Motion (Ē�) at CoS for the CDP-DP and DP-DP
mechanisms.
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ig. 18. Motion Stiffness (Ky) of the C-DP-DP mechanism: Analytical vs. Experimen-
al.

hows an agreement within 1.5%. This confirms the accuracy of the
nalytical prediction, and shows that the external clamp in the C-
P-DP flexure, when designed appropriately with a low value of �

n Eq. (3), does not adversely impact the motion direction stiffness.
or the analytical prediction, the flexure dimensions are as listed
n Section 2.1 and Young’s modulus of AL-6061 was assumed to be
8.9 GPa.

. Conclusion

The original contributions of this paper are summarized at the
nd of Section 1. The main conclusions that we draw from this
xperimental work are:

. The C-DP-DP geometry indeed overcomes the under-constraint
of the secondary stages in the DP-DP flexure, resulting in sig-

nificant improvement in the bearing direction stiffness without
impacting motion direction stiffness. However, the experimen-
tally measured bearing direction stiffness for both the DP-DP
and CDP-DP flexure mechanisms is lower than their respec-

[

[
[
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tive theoretical values predicted by closed-form analysis or
BEAM188 FEA. This is because these idealized models do not
take into account the parasitic compliance of supposedly “rigid”
stages and ground mounting. Once these factors are taken into
consideration via a more representative PLANE183 FEA, the
experimental measurements agree well with the predictions.
Any remaining discrepancy can be attributed to manufacturing
tolerances and imperfections.

2. The choice of ground mounting locations is critical to minimize
the impact of the ground plate compliance on the measured
bearing direction deflections and therefore stiffness. Further-
more, since the ground plate also provides mounting for the
various sensors, any deformation of this plate can corrupt the
sensor measurement. Choosing the ground mounting locations
to be as close as possible to the fixed ends of the beams addresses
both these issues. When such an ideal ground mounting loca-
tions are not practically feasible, the ground compliance should
be appropriately modeled in the prediction and design process.

3. The various “supposedly rigid” intermediate stages between
ground and primary motion stage always have some finite com-
pliance. This compliance can be reduced by appropriate choice of
geometry and dimensions, but is difficult to eliminate. As shown
in this paper, even when the secondary stage thickness was made
more than 15 times the thickness of the beam flexures, the sec-
ondary stage compliance remains non-negligible. Furthermore,
bulking up the stages also lowers natural frequencies, which
can be detrimental to dynamic performance. Again, compliance
of these various stages should be appropriately modeled in the
prediction and design process.

4. There are unavoidable manufacturing tolerances that lead to
imperfect flexure beam and overall mechanism geometry. In
general, this adversely impacts bearing direction stiffness and
error motions.
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